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Abstract
In this note we prove the following theorem:
Suppose 0< p <∞ and α >−1. Then there is a constant C = C(p,m,n,α) such that
∫
B
∣∣u(x)∣∣p(1− |x|)α dV (x) C(∣∣u(0)∣∣p + ∫
B
∣∣∇u(x)∣∣p(1− |x|)p+α dV (x)),
for all polyharmonic functions u of order m, on the unit ball B ⊂ Rn.
 2003 Elsevier Science (USA). All rights reserved.
Keywords: Polyharmonic functions; Weight function; Bergman space; Distortion
1. Introduction
Throughout this note n is an integer greater than or equal to 2, D is a domain in the
Euclidean space Rn, B(a, r)= {x ∈ Rn | |x − a|< r} denotes the open ball centered at a
of radius r, where |x| denotes the norm of x ∈ Rn and B is the open unit ball in the n-
dimensional Euclidean space Rn. S = ∂B = {x ∈ Rn | |x| = 1} is the Euclidean boundary
of B . By dV (x) we denote the Lebesgue volume measure on B, dσ the surface measure
on S and dσN the normalized surface measure on S. Let ω(r), 0  r < 1, be a positive
weight function which is integrable on (0,1). We extend ω on B by setting ω(x)= ω(|x|).
For 0 < p <∞ the weighted Bergman space bpω(B) is the space of all real harmonic
functions u on B such that
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( ∫
B
∣∣u(x)∣∣pω(x) dV (x))1/p <+∞.
If ω(x)= (1− |x|)α, we use the notation ‖u‖α,p .
For weighted Bergman spaces of analytic functions see, for example, in [1,5] and the
references therein. Basic facts about unweighted harmonic Bergman spaces can be found
in [2].
For u ∈ C(B) we usually write Mpp (u, r) =
∫
S |u(rζ )|p dσN(ζ ), 0  r < 1, for the
integral means of u. The norm in bpω(B) can then be written
‖u‖ω,p =
(
σn
1∫
0
M
p
p (u, r)ω(r)r
n−1 dr
)1/p
,
where σn = σ(S).
For a given weight ω we define the function
ψ(r)=ψω(r) def= 1
ω(r)
1∫
r
ω(u) du, 0 r < 1,
and we call it the distortion function of ω. We put ψ(x)=ψ(|x|) for x ∈B.
Definition 1 [5]. We say that a weightω is admissible if it satisfies the following conditions:
(a) There is a positive constant A=A(ω) such that
ω(r) A
1− r
1∫
r
ω(u) du, for 0 r < 1;
(b) There is a positive constant B = B(ω) such that
ω′(r) B
1− r ω(r), for 0 r < 1;
(c) For each sufficiently small positive δ there is a positive constant C = C(δ,ω) such that
sup
0r<1
ω(r)
ω(r + δψ(r))  C.
Observe that (a) implies Aψ(r)  1 − r thus for sufficiently small positive δ we have
r + δψ(r) < 1 and the quantity in the denominator of the fraction in (c) is well defined.
The following theorem was established in [5]:
Theorem A. Suppose 1 p <∞ and ω is an admissible weight with distortion functionψ.
Let
L(f )=
∫ ∣∣f (z)∣∣pω(z) dm(z) and
U
S. Stevic´ / J. Math. Anal. Appl. 278 (2003) 243–249 245R(f )= ∣∣f (0)∣∣p + ∫
U
∣∣f ′(z)∣∣pψ(z)pω(z) dm(z),
then there are finite positive constants C and C′ independent of f such that
CR(f ) L(f ) C′R(f ) (1)
for all analytic functions f on the unit disc U, where dm(z) = r dr dθ/π denotes the
normalized Lebesgue area measure on U.
In [6] we showed that the first inequality in (1) holds also when p ∈ (0,1). In [7] we
generalized Theorem A in the case of harmonic functions on the unit ball B ⊂ Rn. It is an
open problem whether the second inequality in (1) holds when p ∈ (0,1). In order to solve
the open problem we proved the following theorem, which is a special case of Theorem 2
in [4].
Theorem B. Suppose 0 <p <∞ and α >−1. Then there is a constant C = C(p,α) such
that ∫
U
∣∣f (z)∣∣p(1− |z|)α dm(z) C(∣∣f (0)∣∣p + ∫
U
∣∣f ′(z)∣∣p(1− |z|)p+α dm(z)),
for all f ∈H(U).
A real valued function u is called polyharmonic of order m on a domain D if u ∈
C∞(D) and (mu ≡ 0, where m is a positive integer, ( denotes the Laplacian and
(mu=(m−1((u). We denote byHm(B) the space of polyharmonic functions of order m
on B. In particular,H1(B) is the class of all harmonic functions on B.
The purpose of the note is to prove an analogous theorem to Theorem B in the case of
polyharmonic functions on the unit ball. We were motivated by [3]. We prove the following
theorem.
Theorem 1. Suppose 0 < p < ∞, α > −1 and u ∈ Hm(B). Then there is a constant
C = C(p,α) such that∫
B
∣∣u(x)∣∣p(1− |x|)α dV (x) C(∣∣u(0)∣∣p + ∫
B
∣∣∇u(x)∣∣p(1− |x|)p+α dV (x)).
2. Auxiliary results
In order to prove the main result we need several auxiliary results. Throughout the
following proofs C denotes a positive constant which may change from line to line.
Lemma 1 was essentially proved in Lemma 5 in [3], because u ∈ Hm(B) implies
Dβu ∈Hm(B) for every multi-index β .
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rn
∫
B(a,r)
∣∣Dβu∣∣p dV whenever B(a, r)⊂ B,
for all u ∈Hm(B) and some constant C depending only on β, p, m and n.
Lemma 2 [3, Lemma 7]. Let g(r) be a nonnegative continuous function on the interval
[0,1), λ > 0 and let α >−1. Then there is a constant C = C(α,λ) such that
1∫
0
gλ(r)(1− r)α dr  C
(
max
r∈[0,1/2]
gλ(r)+
1∫
0
∣∣∣∣g
(
1+ r
2
)
− g(r)
∣∣∣∣
λ
(1− r)α dr
)
.
One can easily prove the following lemma.
Lemma 3. Let p > 0, u ∈C1(B), 0 r < 1. Then∣∣Mpp (ρ,u)−Mpp (r,u)∣∣ (ρ − r)p
∫
S
sup
r<t<ρ
∣∣∇u(tζ )∣∣p dσ(ζ ) for p ∈ (0,1]
and
∣∣Mp(ρ,u)−Mp(r,u)∣∣ (ρ − r)
( ∫
S
sup
r<t<ρ
∣∣∇u(tζ )∣∣p dσ(ζ ))1/p for p  1,
for every ρ and r, such that 0 r < ρ < 1.
Lemma 4. Suppose 0 < p <∞ and α >−1. Then there is a constant C = C(p,α,m,n)
such that
M
p∞(u,1/2)= max|x|1/2
∣∣u(x)∣∣p
 C
(∣∣u(0)∣∣p + ∫
B
∣∣∇u(x)∣∣p(1− |x|)p+α dV (x)),
for all u ∈Hm(B).
Proof. Since
u(x0)− u(0)=
1∫
0
u′(tx0) dt =
1∫
0
〈∇u(tx0), x0〉dt,
by elementary inequalities we obtain∣∣u(x0)∣∣p  cp(∣∣u(0)∣∣p + |x0|p max|x|1/2
∣∣∇u(x)∣∣p), (2)
for each x0 ∈B(0,1/2), where cp = 1 for 0 <p < 1 and cp = 2p−1 for p  1.
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∣∣∇u(x)∣∣p  C ∫
B(x,1/4)
∣∣∇u(y)∣∣p dV (y)
for each x ∈ B(0,1/2) and consequently
max
|x|1/2
∣∣∇u(x)∣∣p max{C4p+α,C} ∫
B(0,3/4)
∣∣∇u(y)∣∣p(1− |y|)p+α dV (y). (3)
From (2) and (3) the result follows. ✷
Similarly we can prove the following lemma.
Lemma 5. Suppose 0 < p <∞ and α >−1. Then there is a constant C = C(p,α,m,n)
such that
M
p∞(∇u,3/4) C
∫
B
∣∣∇u(x)∣∣p(1− |x|)p+α dV (x),
for all u ∈Hm(B).
The proof of the following lemma is analogous to the proof of Lemma 6 in [3].
Lemma 6. Let u ∈ Hm(B), 0 < p < ∞, α > −1 and f+(rζ ) = sup{|f (tζ )||r < t <
(1+ r)/2}, 0 r < 1, ζ ∈ S. Then there is a constant C = C(p,m,n,α) such that
1∫
0
M
p
p
(|∇u|+, r)(1− r)p+αrn−1 dr  C
1∫
0
M
p
p (∇u, r)(1− r)p+αrn−1 dr.
3. Proof of the theorem
In this section we prove the main result in this paper.
Proof of Theorem 1. Let p ∈ (0,1]. Then by Lemma 2 (λ= 1), Lemmas 3, 4, 5 and 6 we
obtain
‖u‖pα,p = σn
1∫
0
M
p
p (u, r)(1− r)αrn−1 dr  σn
1∫
0
M
p
p (u, r)(1− r)α dr
 C
(
M
p
p (u,1/2)+
1∫ ∣∣Mpp (u, (1+ r)/2)−Mpp (u, r)∣∣(1− r)α dr
)0
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(
max
|x|1/2
∣∣u(x)∣∣p +
1∫
0
M
p
p
(|∇u|+, r)(1− r)p+α dr
)
= C
(
max
|x|1/2
∣∣u(x)∣∣p +
1/2∫
0
+
1∫
1/2
M
p
p
(|∇u|+, r)(1− r)p+α dr
)
 C
(
max
|x|1/2
∣∣u(x)∣∣p +C max
|x|3/4
∣∣∇u(x)∣∣p
+ 2n−1
1∫
1/2
M
p
p
(|∇u|+, r)(1− r)p+αrn−1 dr
)
 C
(
max
|x|1/2
∣∣u(x)∣∣p +
1∫
0
M
p
p (∇u,ρ)(1− ρ)p+αρn−1 dρ
)
 C
(∣∣u(0)∣∣p + ∫
B
∣∣∇u(x)∣∣p(1− |x|)p+α dV (x)
)
.
In the case p > 1 we apply Lemma 2 for λ= p and Lemma 3 for p > 1. ✷
Let |∇ku| denote the norm of the kth gradient of u which is given by∣∣∇2u∣∣=√u2x1x1 + · · · + u2xnxn + 2u2x1x2 + · · · + 2u2xn−1xn
and |∇ku| in a similar way.
By Theorem 1 and some simple calculations we obtain.
Corollary 1. Suppose 0 < p < ∞, α > −1, k ∈ N and u ∈ Hm(B). Then there is a
constant C = C(p,m,n, k,α) such that∫
B
∣∣u(x)∣∣p(1− |x|)α dV (x)
 C
(
k−1∑
i=1
∣∣∇ku(0)∣∣p + ∫
B
∣∣∇ku(x)∣∣p(1− |x|)pk+α dV (x)
)
.
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